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Abstract 


In this paper, we obtain the nniqneness of the 2D MHD eqnations, which fills the gap of 


recent work 


2| by Chemin et ah 
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1. Introduction 


This paper considers the 2D MHD eqnations given by 

' 

dtu + u ■ Vu + Vp — z/Am = B ■ V-B, 
dtB + u ■ V-B — B ■ Vm = 0, 

< ( 1 . 1 ) 

divM = 0, div-B = 0, 

u{x, 0) = Uo{x), B{x, 0) = -Bo(x), 

here t > 0, x e u = u{x, t) and B = B{x, t) are vector fields representing the velocity 
and the magnetic field, respectively, p = p{x, t) denotes the pressnre and z/ is a positive 
viscosity constant. 


fll.ip has been investigated by many mathematicians. In 2014, by establishing a gen¬ 


eralized Kato-Ponce estimate (see for the well-known resnlt): 

< u-W B \ B > ps< C\\S7 u\\h=\\B\\\js, -^> 2 ’ *^ = 2 , 3 , 

Fefferman et ah j4| obtained the local existence and nniqneness for fll.ip and related 
models with the initial data {u(uBq) G s > |. For other results concerning 


regularity criterions, we refer to |5| and 
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Very recently, Chemin et al. in |2| obtain the local existence for fll.ip in 2D and 3D. 
But for the 2D case, the uniqueness was not obtained. Our main result is hlling the gap 
of their works. The details can be described as follows 

Theorem 1.1. Fotuq G and Bq G with divwo = divSo = 0, there exists 

a time T = T(z/, ||mo||_bOj, ll-BH^i J > 0 such that the system U.l\) has a unique solution 
{u,B) with 

u G C'([0,T];i?2°i(M2)) nLi([0,T];i?2i) 

and 

BeC{[t),T]-Bl,{R^)). 


2. Preliminaries 

Let fB = {.^ G |.^| < |} and (£: = {.^ G M'^, | < |^| < |}. Choose two nonnegative 
smooth radial function y, (p supported, respectively, in 53 and (t such that 

j>0 

jez 

We denote ipj = h = h = where stands for the inverse 

Fourier transform. Then the dyadic blocks Aj and Sj can be dehned as follows 


A,/ = ^(2-’D)f = 2’“ f h(2iy)f{x - y)dy, 

./Rrf 



Formally, Aj = Sj — S'j_i is a frequency projection to annulus : Ci2-^ < |,^| < C'22-^}, 
and Sj is a frequency projection to the ball : |^| < C2-^}. One can easily verihes that 
with our choice of ip 

AjAkf = t) if \j - k\>2 and Aj{Sk-ifAkf) = 0 if\j - k\ > 5. 

With the introduction of Aj and Sj, let us recall the dehnition of the Besov space. 
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Let s G M, (p, q) G [1, cxd]^, the homogeneous space 5® ^ is dehned by 

= {/ G ©'; < oo}, 

where 

(^2"'?^||Aj/|||p)i, for l<g<oo, 

ll/b,,= . 

sup2®^||Aj/||lp, for q = oo, 

and & denotes the dual space of © = {/ G S{W^)-, (9“/(0) = 0; V a G multi-index} 
and can be identihed by the quotient space of S'/V with the polynomials space V. 

Let s > 0, and (p, q) G [1, cxd]^, the inhomogeneous Besov space ^ is dehned by 

B;,^ = {/g5'(M'^); < oo}, 


where 



Let’s recall space-time space. 


Definition 2.1. Let s G M. 1 < p, g, r < oo, I <Z is an interval. The homogeneous 
mixed time-spaee Besov spaee L^{I-,Bp^^) is defined as the set of all the distributions f 
satisfying 

Wfhrii-Bs) = 2*^ f / W^jli^Wipdr] < oo. 

^ l.iZ) 

For convenience, we sometimes use and L^Bp^^ to denote U 13^^^ and 

Bernstein’s inequalities are useful tools in dealing with Fourier localized functions and 
these inequalities trade integrability for derivatives. The following proposition provides 
Bernstein type inequalities for fractional derivatives. 


Proposition 2.2. Let a > 0. Let 1 < p < q < oo. 

1) If f satisfies 

suppfGifem^: \^\<K2^}, 


3 



for some integer j and a constant K > 0, then 




2) If f satisfies 

suppfC {e e : Ki2^ < 1^1 < i^ 22 ^} 
for some integer j and constants 0 < Ki < K 2 , then 

C'i22“^'||/||m(r^) < ||(-A)“/|U,(r.) < 

where Ci and C 2 are constants depending on a^p and q only. 

For more details about Besov space such as some useful embedding relations and the 
equivalency 




H‘1 


'’2,2 


H” 


see 


6], 1] and 


3. Proof of The main result 

Before the proof of Theorem 11.11 we need the following lemma. 
Lemma 3.1. V f > 0, 

[ \\fi^)\\Bl/r < CiWfWiiBi^^ + ll/llL-B-^)log ( e + 


Ubo + 

t 2,00 


L}Bl + 

t 2,00 


Proof. Using the dehnition of homogeneous Besov space, we have 

n.=E2ti^/iL 


LiBt 


L}B^ 

t 2,00 


iLlL^ 


'■ 2^ 2-^11 Aj/||i^ii^2 + 2_^ 2-^11 Aj/ II + y ^ 2-^11 Aj/||^ii^2 

j<—N j>^ 


<2-^II/IIUbo +2A||/||^, . +2-^ 

t 2,00 t 2,00 


UbI ■ 

t 2,00 


Choosing 


A = log e + 


L}B^ + 

t 2,00 






+ 


we can get the inequality fl3.1l) 


. (3.1) 


□ 
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Now, we begin the proof of Theorem ll.li The existence of the solution to fll.ip was 
obtained in j^, while the continuity in time can be obtained by the dehnition of Besov 
space. So here we only deal with the uniqueness. Let {uj,Bj), j = 1,2, be two solution 
of fll.ip . denote 6u = ui — U 2 , SB = Bi — B 2 and Sp = pi — p 2 , then we obtain 

dtSu + {ui ■ V)6u + {6u • V)u 2 - lyASu + VSp = {Bi ■ V)6B + {SB ■ V)B 2 (3.2) 

and 

dtSB + {ui ■ V)SB + {Su ■ V)B 2 = {B^ ■ V)Su + {SB ■ V)u 2 . (3.3) 

First, we consider fl3.2p . By a standard argument, we have 

^^\\AjSu\\L2 + v2^^\\AjSu\\L2 < \\[Aj,ui-V]Su\\L2 

+ ||A,(5m ■ Vu2)\\l^ + \\A,{B, ■ VSB)\\l2 + \\A^{SB ■ VB2)\\l2, 
which with Gronwall’s inequality yields that 

\\A,Su\\l^ < 

Jo 

+ IIA,(5m • Vm2)||l 2 + ||A,(Si ■ VSB)\\l 2 + \\A,{SB ■ VB2)\\L^)dT. 
Taking the L^{0,t) norm, and using Young’s inequality to obtain 

\\AjSu\\L^L 2 <\\e ■’'’’||lj-(||[Aj,mi ■ V]5m||2,il2 

+ II A,(5m • Vm2)|Uil 2 + ||A,(i?i ■ VSB)\\lil^ + ||A,(5i? ■ VB2)\\lIl^) 

<(i/2^V)"-(||[Aj,mi ■ V]5M||iii2 

+ II Aj(5M ■ VM 2 ) 11^1^2 + \\Aj{Bi ■ VSB)\\ 11^2 + ||Aj(5i? ■ Vi?2)||LiL2). 
Multiplying 2~\ and taking the l°° norm, we obtain 

i^^\\Su\\ <sup2-^(||[Aj,Mi ■ V]5M||iii2 

^■^2,00 jez 

+ II + ||A,(Bi ■ + II A,(iB • 

=A'i + K2 + A's + A4, 

where 


/Ll=SUp2 ^||[Aj,Mi ■ V]5M||rii2, 
jGZ 


7^2= sup 2 ^||Aj(5m ■ VM 2 )||riL 2 , 
jez 
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Ks = sup2-^||A,(i?i ■ V5i?)|Lii2, K, = sup2-^11 A,(<55 ■ 

jGZ jez 

In the following, we will bound Ki, i = 1,2, 3,4. By homogeneous Bony decomposition, 
we can split Ki into four parts, 

Ai<sup2'^ ^ ||[Aj,S'fc_iMi ■ V]Afc5M||iii2+sup2"^ ^ \\Aj{AkUi ■ VSk-i5u)\\LiL2 

\k-j\<4 \k-j\<4 

+ sup2"-’ 'V] IIAfcUi ■ VAjS'fc+i(5M||r^2+sup2"^ ^ \\Aj{AkUi ■ VAk5u)\\LjL^ 
kt]^3 ktt-3 


— Kii + Ki2 + Ai3 + Ai4, 

(3.4) 

where Afc = A^-i + A^ + A^+i. 

By Holder’s inequality, standard commutator estimate and Bernstein’s inequality, 

All < C'sUp2"^||VUi||r^^||Aj(5M||Lc»i^2 < C'||Mi||rlB2 ||(5M||r^^-l , 

• ^r77 t '' tj.l t2,00 

jGZ 

Ai 2 < C'sup2"^||AjMi||r^.^||V5j_i(5M||iooi2 < C\\ui\\^B-^ Uu\\^^^-1 , 


Ai3<Csup2 ^ ^ 2^||Aj(5M||L^oc^2||AfcMi|| 


LfL° 


j&Z 


k>j-3 


<Csup 2^-'’2-iA,,5u|Uj»i22'’||AfcUi|| 


LiL° 


j£Z 


k>j-3 


— A||Ml||rl 52 ||( 5 m||i^cx,^-i 

t 2,1 t 2,00 


and 

AmAAsup 2^||AfcMi|| L}L^\\^kSu\\L^L2 < A||-Ui||ri^2 ||^-u| 

._r77 f Z L f J 1 

fc>i-3 

Collecting the estimates above in fl3.4p . we obtain 


Ai < Clluill^i^i 


By homogeneous Bony decomposition again. 


A2<sup2^ 'Y] \\Aj{Ak5u-VSk-iU2)\\LiL^ 

+ sup2"^ Y \\Aj{Sk-i5u-VAkU 2 )\\L]L^ 
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+ sup 2"^ 

jGZ 


k>j-3 


\\Aj{Ak6u ■ VAfcM 2 )||LiL 2 


—K 21 + K 22 + -A 23 . 


By Holder’s inequality and Bernstein’s ineqnality, 


K21 < C||Vm2||lil“ snp2 mAjduWi^L^ < C\\u2\\l1b^\\5u\ 
jez 


ltb:: 


K22 <Csup 2 ^||S'j_i( 5 u||i,»^oo||VAjM 2 ||lil 2 

j&Z 

<Csnp 2^\\V Aju\\LiL22~^\\Sj-i5u\\Lf>L^ 
AC\\u2\\BjB? > 

t 2,1 t 2,00 

K23 <Csnp 2^\\AkSu\\B^L2\\AkU2\\LiL^ 

k>j-3 


<Csnp 2^""2'1|AfcW2||LiL22-'’||Afc<5u|U^.oi2 
k>j-3 


^<^ 11 ^ 211 ^ 152 ^ W^’^Wl’^b^X' 


Thus we have 


K 2 < <^||'W 2 |l 5 i 52 J|(5u||^cxj5- 
Similarly, we can bonnd A3 and K4 as follows: 


1 . 

2,00 


A'3 < ||Bi . ViBIlijB.-- < / l|Si ■ V«?|U-. rfr < / ||BilU.J|iB|lB. dr 


and 


A'4< lliB.VB 2 llj.B-. < [‘\\SB-VB4g-,dT< / IIBjIIj. IliBllj. dT. 

t 2,00 / 2,00 / ^)1 2,00 

«/ (J V (J 


Therefore, 


t 2,00 t 2,00 


<C'||(Mi,U2)||ii52 ||( 5 u|| 5 tx. 5 -i + <^ / IK-^l)-^2)1151 ||(^-B||50 dv. 

t 2,1 t 2,00 2,1 2,00 


(3.5) 
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Next, we consider fl3.3p . we have the following estimate, 


d 

dt 


\m\BO 


,oo 


<snp \\[Aj,ui ■ V] 5 B\\l 2 
jez 


+ snp ||Aj(5m ■ V-B 2 )||l 2 + snp ||Aj(i?i ■ V 6 u)\\l 2 + snp \\Aj{6B ■ Vm 2 )||l 2 
j&z j&z jez 

=Ji ■J 2 Js A Ja- 


By homogeneous Bony decomposition. 


Ji < sup E ||[Aj,S'fc_iMi ■ V]Afc55||i2+sup ^ \\Aj{AkUi-VSk-iSB)\\L 2 

\k-j\<A \k-j\<4 

+ sup ^ \\AkUi-VSk+iAj6 B\\l2 + sup ^ \\Aj{AkUi ■VAk6B)\\L2 

k>j-3 k>j-3 

= Ju + >^12 + >^13 + '^ 14 - 


By Holder’s inequality and Bernstein’s inequality. 


Jii < Csup ||Vmi||loc||Aj5H||l2 < C||mi ||^2 


j£Z 


J 12 < Csup2^mA^m\\L22-^^\VS,_,5B\\L^ < C'||ni|| .2 J|<5H|| .0 , 

jgz 


Ji3 ECsup ^ 2mAku\\L^\\Aj6B\\L2 

k>j-3 

<Csup Y, 2^-^22^||A,n|U2||A,5H|U2<C'||nib2j|5Hba , 
JiA<Csup Y 2''ll^fc«IU2||Afc5H|U2 <C||ni||. 2 J|<5H||.o . 

k>j-3 

Hence we have 


■h<C\\ur\\^2\\5B\\^. . 

2,1 2,00 


By the inequality 


.. S), 


II/sIIb. .^Cll/lh 


-2,1- 


(see, e.g., (3|), we have 


J 2 +J3< Ilfe'VB^b. +||Si-VHU. <C'||HlB..II(Bi.B2)b.,. 

2,00 2,00 2,1 2,1 




Finally, we bound J4. By homogeneous Bony decomposition, 

J4 < sup E ||Aj(Afc(5i? ■ VS'fc_iM2)||L2 + sup ^ \\Aj{Sk-iSB ■VAkU 2 )\\L-^ 

\k-j\<4 \k-j\<4 


sup ^ \\Aj{Ak6B ■VAkU 2 )\\ 


L2 


jez 


k>j-3 


— J 4 I + <^42 + <^ 43 ) 


where 


J41 < (Fsup \\Vu2\\L^\\AjSB\\L2 < C\\u2\\b2\\6B\\m , 

. ^ 2,1 2,00 


jez 


and 


So 


J 42 < C'sup2iVA,M2||L22-iS',_i5S|Uoc < C\\u2\\b2^\\SB\\^o^ 
jez 

J43<C'sup 2^^\\AkU2\\L4^kSB\\L2<C\\u2\\Bl^\\SB\\^o^ 


k>j-3 


J4 < C||'U2||b2 J|( 55||^o^ 


Therefore, 


— ^11 ("^i) '^2)||p2 ^ II5-811^0^ + C*!! (-Bi, -82)11^1 J| 11^1 j) 
which implies that V 0 < t < T, T is the lifespan of the solution, 

— ^ll('^i)'^2)lliiB2 I|(5 -B||£^^^o + c*!!(-B i,-B2 )||l^bi p (3-6) 

t 2,00 t 2,1 t 2,00 t 2,1 t 2,1 

Set 0 < T < T such that 

r 1 

ll(«l,W2)||B2^dt < ^, 
then VO < t < T, (I3.5j) and (13.Op reduce to 

^ — [ II (-^1)-®2)|lsi J|<^-B||^o^dr (3-7) 


2,1" "-^2,00 


and 


^ll^-^llipso^ — ^11 (-^ 1 )-^ 2 ) 11^^51 J|^w||^i^i 


Plugging fl3.8p into fl3.7p yields that 


(3.8) 


4 ll'^'^lli^py^ + ^II^'^^IIlibi ^ / II (-^1)-®2)('r)||5i J| (i?i, i?2)||B^Bi JI'^wIIj,!^! 
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‘t 


<Ct / WSuW^i^i dr. 

Jo 

Thanks to the Log-type inequality fl3.ip . denote 

t 2,00 t 2,00 

we have 

X{t) < Ct., fx{T) log h + dT, 

where V{t) = H^nlliiBO + II<^'*^IIl 1 s 2 ; is bounded in [0,T]. Applying the Osgood’s 
Lemma (see,jl| p.l25) and combining with (I3.6p can yields 6u = 5B = 0 in [0,T]. By 
a standard continuous argument, we can show that 5u = 6B = 0 in [0,T] x This 
completes the proof of Theorem 11.11 
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